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Sienti� Progress and AomplishmentsFinal ReportReporting Period: 4/1/2002 - 12/31/2006Complexity Bounds for Quantum ComputationDAAD19-02-1-0058Our projet foussed on fundamental theoretial issues in quantum omplexitytheory and algorithms. It studied problems from the Theory Component of theQuantum Computing Roadmap. The researh on omplexity bears on the eÆienyof quantum iruits and of simple resoure bounded iruit lasses. This work alsoimpats quantum algorithms as we are designing small iruits whih an be used toimplement and to improve the eÆieny of fundamental quantum omputations.During the duration of this grant progress was made on several di�erent key areasof our researh program. These inlude researh on onstant depth quantum iruits,on the fanout problem for these iruits, on algorithms whih simulate fundamentalgates and iruit elements, and on relationships between quantum omplexity lasses.Researh in eah of these areas is desribed below. In the last period of this grant,omprising a 5 month no-ost extension, a few �nal results were established and asurvey paper summarizing muh of the more reent, entral work on this projet waswritten and published.Major results obtained with the support provided for this projet inlude:1. The onstrution of minimal size and depth quantum iruits whih an om-pute important ombinatorial funtions. Among these are,� onstrution of iruits omputing parity, and other mod funtions. Theseare built with small iruits omposed only of To�oli, single-qubit andHadamard gates,� onstrution of threshold funtions an be similarly omposed, provingthat integer division an be done with these iruits more eÆiently thanin lassial omputation,� onstrution of small iruits whih an arry out phase estimation, show-ing that the quantum ontent of strong quantum algorithms like Shor'salgorithm an be done with smaller and simpler iruits than had previ-ously been thought possible.2. Proofs of lower bounds on the apabilities of small depth quantum iruits withlimited gate types to ompute more omplex quantum transforms. In partiular,we foussed on lower bounds for



� omputing parity or fanout using onstant or log depth quantum iruits,� quantum simulations of lassial iruit elements and lasses, suh as thresh-old and mod funtions, and� the general relationships between quantum omplexity lasses and orre-sponding lassial lasses, and in partiular, hierarhy theorems for theselasses.3. We also examined a number of issues relating basi properties of resourebounded quantum iruits, universal iruit families, and on the neessity ofextra qubits (anillae) used in their omputations.� We have onstruted a family of universal onstant depth quantum iruits.These iruits an eÆiently simulate any other family of onstant depthquantum iruits.� We de�ned simple measurements of entanglement for small quantum sys-tems whih will allow us to prove lower bounds on the quantum iruitomplexity of quantum iruits whih ompute simple ombinatorial fun-tions.� We found examples of natural funtions needing additional anillae in orderto be eÆiently omputable.� We extended earlier upper and lower bounds on the omputational apabil-ities of onstant depth quantum iruits to other ombinatorial problemsand to iruits whih have polylog depth.� We reently wrote of a 25 page survey paper whih appeared this summer inthe June issue of SIGACT News. It overed upper and lower bounds resultsfor small depth quantum iruits. This work enters on the omplexity ofomputing fanout, parity, mod funtions and threshold gates using weakergates suh as CNOT and single qubit gates.In general our researh exposed di�erenes between resoure bounded quantumomputation within various quantum models. Our work originates from the point ofview of \lassial" omplexity, omparing and measuring the eÆieny of quantumomputation using the methods of omplexity theory. A seond fous and outgrowthof this and past work is the reation of eÆient quantum iruit algorithms, in the formof quantum iruits for spei� problems and funtions. In partiular we have studiedonstant depth quantum iruit lasses onstruted from limited, simple universal setsof gates, and quantum analogs of lassial universal omplexity lasses suh as NC,AC and ACC. Our goal is to measure and lassify the omplexity of problems solvableby small-depth quantum iruits and resoure bounded quantum algorithms.



Our work then tells us what what iruit elements are neessary and whih aresuÆient to arry out spei� natural quantum omputations. It provides metriswhih quantify the power and the limits of the various quantum iruit implemen-tations. This researh also impats quantum algorithms as we are designing smalliruits whih an be used to implement and to improve the eÆieny of fundamentalquantum omputations.The remainder of this report ontains brief summaries of the di�erent results wehave obtained, and ends with a disussion of the eduation and outreah aomplish-ments we have ahieved. The bibliography ontains a list of papers supported by thisprojet.Understanding the Computational Power of Constant Depth QuantumCiruitsWe have been working on extending our understanding of the power of small depthquantum iruits made from a few simple gates eah of whih take a small number(usually three or less) qubits as input. Suh iruits matter as it seems apparent thatfor the foreseeable future all iruits whih are implemented will be no more powerfulthan these. We have shown that, when suh iruits are allowed to have fanout gates,then they are surprisingly more powerful than their lassial analogs. On the otherhand, we have reently shown that languages de�ned by onstant depth quantumiruits omposed only of single qubit and CNOT gates have di�ering omputationalpower depending on the auray demanded of the iruit omputation whih areused to deide membership in the language. And we have proved that onstant depthiruits with single qubit and To�oli gates annot be exatly simulated by those withonly single qubit and CNOT gates.The "fanout problem" onerns the apability to unitarily provide the output of agate to multiple other gates in a iruit. This relates to quantum iruit omplexityand quantum data transmission. The fanout apability is available "for free" tolassial iruits, and it is assumed to be available, as a unitary "ontrolled-fanout"gate. (Note that it is really only lassial bits that are being fanned out here, theno-loning theorem does not allow fanout of qubits, and the unitary extension ofthis funtion does not fanout arbitrary qubits.) It will be diÆult to build eÆient,that is onstant depth, quantum iruits for many natural problems if eÆient fanoutis not possible. We have made reent progress in determining whether fanout isunavoidable in this setting or whether it an be irumvented by some new quantumiruit onstrution. We believe this is not possible in general, and that arbitraryfanout annot be done by a onstant depth iruit family using only single qubit andTo�oli gates. We have proved that fanout annot be done by some spei�, limitedfamilies of suh gates.



One paper, \Quantum Lower Bounds for Fanout," appeared in 2005 in the Journalof Quantum Information and Computation. This work, by Fang, Fenner, Green,Homer and Zhang, studies new lower bounds for onstant depth quantum iruitsonstruted from a limited, though still universal, set of gates. The main results arethat parity (and equivalently fanout) requires log depth iruits in two separate ases.First, log depth is neessary when the iruits are omposed of any single qubit andnot gates (or gates ome from any �nite set of 2 qubit gates). Seond, log depthis still needed when the iruits are omposed of single qubit and extended To�oligates (generalized CNOT gates of arbitrary arity), and when they are limited to onlyonstantly many anillae. (Anillae are auxiliary qubits whih provide extra workspae for the iruit to arry out its omputation.) Under this onstraint, this boundis lose to optimal. In the ase of a non-onstant number of anillae, we give a tradeo�between the number of anillae used in the omputation and the required depth. Weare urrently working on trying to extend this lower bound to a polynomial numberof anillae and also exploring the neessity and power of anillae for other entralomputations using quantum iruits.To summarize, this work provides a way of building simple iruit modules usefulfor the onstrution of iruits for interesting ombinatorial funtions, and gives asimpli�ation of the iruits needed to arry out urrent algorithms. We are ur-rently working on �nding onstant depth quantum iruits that yield more eÆientalgorithms using smaller and less omplex iruits and iruit elements.The Power of Anillae in EÆient Quantum ComputationOur work in this area shows that, for ertain simple omputations, there is a strittrade-o� between the number of steps of the omputation and the number of qubitsin the quantum iruit arrying out the omputation. The question of whether morethan sublinear many anillae would result in the possibility of fanout being omputedin onstant depth remains open, though we onjeture that additional anillae do nothelp in this ase. It arises from the fat that the proof of the lower bound for fanout,using only single qubit and To�oli gates, is only known to hold in the presene of fewanillae highlights the issue of anillae in onstant depth quantum omputation. Theunderlying issue is whether and when quantum omputers require additional qubits(and how many are needed) to arry out basi omputations is of onsiderable interestto theorists and pratitioners alike.We know that funtions exist for whih additional anillae do help and make thedi�erene between onstant and non-onstant iruit depth. Let + denote the \exlu-sive or" operation. Consider the funtion whih takes as input n qubits (x1; x2; :::; xn)and whih outputs (x1; x1 + x2; x1 + x2 + x3; x2 + x3 + x4; :::; x(n�2) + x(n�1) + xn).We prove that this and related funtion annot be omputed by a onstant depthquantum iruit but it an be eÆiently omputed if linearly many extra qubits are



allowed in the quantum system. More preisely, using CNOT and single qubit gates,this funtion requires a log n depth quantum iruit to ompute. We also prove thatit an be omputed by a iruit of depth (log n)(log n).In fat there are funtions F ating on n qubits for whih we an prove:(i) F takes log n depth to ompute without anillae(ii) F an be omputed in depth (logn)2 without anillae(iii) F an be omputed in onstant depth with n anillae. With fewer anillaethere is a trade-o� between the number of anillae used and the depth of the iruitsneeded to ompute F. For example, with n anillae the omputation of F an bedone in depth 3, with n/2 anillae the depth is 4, et. It is worth noting that theseomputations annot be done leanly.Using Entanglement Measures to prove Lower Bounds on Quantum Com-putationIn researh not yet fully ompleted, we have developed a new, limited measureof entanglement in a quantum state. This measure is weak in sense that it does notfully lassify the degree of entanglement of a state (a more omputationally diÆultproblem). Rather it allows us to algebraially analyze a pure quantum state and toe�etively determine whether the state an be fatored into the tensor produt of twoor more pure states. Our aim is to use our measure to ahieve separations and lowerbounds for quantum iruit lasses. For example, we an analyze and ompare themaximum amount of possible entanglement of unentangled pure states after applia-tion of fanout gates and single qubit gates versus the same measure after appliationof To�oli gates and single qubit gates. By showing that our measure di�ers on thestates reahed after these two transformations of the same state, we hope to be ableto prove that �nite depth iruits of To�oli and single qubit gates annot be used toompute fanout, this giving a new lower bound proof for the power of fanout gatesin quantum iruits. This is a �rst step in developing a new approah to provinglower bounds for di�erent lasses of quantum iruits and for better understandingthe omputational power of these iruits.Upper Bounds and Simulations of Constant Depth Quantum CiruitsWe have reently examined whether languages de�ned by onstant depth quantumiruits without fanout gates have di�ering omputational power depending on theauray demanded of the iruit omputation whih are used to deide the language.In the paper, \Bounds on the power of onstant-depth quantum iruits," by Fenner,Green, Homer and Zhang, (in Proeedings of the 15th International Symposium onFundamentals of Computation Theory, Luebek, Germany, August 2005. SpringerLNCS 3623, pages 44-55, and quant-ph/0312209) upper bounds on onstant depthiruit lasses are onsidered. We study QNC0, the lass of onstant depth iruit



families built from CNOT and single qubit gates. (Think of it this way. A iruitfamily is an in�nite olletion of iruits, Cn, whih is designed to arry out a om-putation on problem inputs of any size. The iruit Cn is the one whih does this forinputs of size n, typially n qubits. The iruit family being onstant depth meansthere is a �xed onstant k suh that eah iruit in the family has depth no morethan k. )The lass EQNC0 is the onstant-depth analog of the lass EQP. (EQP is thelass of problems solvable in polynomial time by exat quantum algorithms, thosewhih are orret with probability 1.) EQNC0 onsists of those languages L suhthat there is a (uniformly de�ned) iruit family in QNC0 suh that whih deidesmembership of strings in L with probability 1. Similarly NQNC0 (BQNC0) lan-guages are those where elements of L are those whih are aepted by the iruit withpositive probability (with probability > 2/3).In our paper it is shown that, if a language is reognized within ertain small errorbounds by a QNC0 iruit family, then it is omputable in (lassial) polynomialtime. In partiular, our results imply EQNC0 is ontained in P. On the other hand,we adapt and extend ideas of Terhal and DiVinenzo (quant-ph/0205133), regardingteleportation as a omputation resoure, to show that, for any family F of quantumgates inluding Hadamard and CNOT gates, omputing the aeptane probabilitiesof depth-�ve iruits over F is just as hard as omputing these probabilities exatlyfor iruits over F. In partiular, this implies that NQNC0 is hard for the polynomialtime hierarhy, where NQNC0 is the onstant-depth analog of the lassNQP . (NQPis the lass of omputational problems whih an be deided by a polynomial timequantum algorithm, where a problem instane is aepted if the algorithm on thatinput instane has positive aeptane probability.) Hene there is a great di�erenein the power of QNC0 iruits depending on the reliability/auray with whih theyare required to arry out their omputations. We have also arried out related work(quant-ph/0106017 and quant-ph/0002057, with Moore and Pollett) whih omparesthe power of di�erent unitary gates in onstant depth quantum iruits in simulatingpartiular fundamental ombinatorial funtions. In partiular, using onstant depthquantum iruits whih are allowed to have fanout gates, (and related work whihhas followed, prinipally by Hoyer, Spalek, Watrous and Cleve) has some strongonsequenes for quantum algorithms and the possibility of their having eÆientimplementations. In partiular we now know the following onstrutions,� the parity gate (and any other mod gate) an be built with a small iruitomposed only of To�oli, fanout, and single-qubit gates, and as well fanout anbe built from parity.� threshold gates an be similarly onstruted, proving that integer division anbe done with these iruits more eÆiently than in lassial omputation.



� phase estimation an be done with small iruit families, showing that the quan-tum ontent of strong quantum algorithms like Shor's algorithm an be donewith smaller and simpler iruits than had previously been thought possible.This work provides a way of building simple iruit modules useful for the on-strution of quantum algorithms, and gives a simpli�ation of the iruits needed toarry out urrent algorithms. We are urrently working on �nding onstant depthquantum iruits that yield more eÆient algorithms using smaller and less omplexiruits and iruit elements.Universal Quantum CiruitsOur reent researh in this area fouses on onstruting universal iruits fornatural lasses of quantum iruits. Our �rst result exhibits a universal iruit familyU for any onstant-depth quantum iruit family omposed only of CNOT, singlequbit and fanout gates. The iruit family U is universal in the sense that any otheronstant-depth iruit family omposed from the same gates an be eÆiently anduniformly simulated by U.The existene of suh universal families of iruits for a lass of iruits C has beenextensively studied in lassial iruit theory, and universal iruits have been shownto exist for many lasses of lassial iruits. Suh universal iruits are fundamentaland useful as they provide an example of a uniform family of iruits whih, oneonstruted give a platform on whih any other iruit in C an be implemented (akind of \ompiler" for C). Our work is the �rst example of a universal iruit for asigni�ant lass of quantum iruits.We are working to extend our results in several diretions. We hope to prove asimilar result for iruits of greater depth. In partiular for iruits in the lassesACk and in NCk, both with and without fanout. We would also like to know if ourresult for �nite depth iruits with fanout an also be arried out when the fanoutgate is not inluded in the basi set of gates.Complexity Classes and Assoiated ProblemsIn previous work the quantum lass NQP, de�ned by Adelman, DeMarrais andHuang, was shown to be equal to the lassial omplexity lass oC=P . We haveextended and ontinued this researh diretion in two di�erent ways. Both the originalwork and the new researh here was done in ollaboration with Steve Fenner.The above result has been strengthened to inlude the iruit lass NQAC0 (withfanout). That is, we proved that the lass NQAC0 equals oC=P . This answersan open question we posed in our earlier work with Moore and Pollett (and in fatdisproves a onjeture put forward in that work). The proof draws on the mainresult in the reent paper \Adaptive quantum omputation, onstant depth quantumiruits and Arthur-Merlin games" by Terhal and DeVinenzo (quant-ph/0205133)



and subsumes our previous result regarding the strength of the lass NQP.The study of a number of variants of NP in the quantum setting has ontinued,together with researh omparing these lasses with entral quantum lasses. Thelass 9EQP , a natural quantum analog of NP, has been onsidered. 9EQP is theolletion of languages de�ned by the existene of a (lassial) existential witness to anEQP omputation. We proved that 9EQP is ontained in NQP. We also onsideredthe power of allowing the witness to the omputation be a quantum state, rather thana lassial string. Here we showed that nothing is gained with a quantum witness toan NQP omputation and that the resulting languages were the same as NQP.The study of a number of variants of NP in the quantum setting has ontinued, to-gether with researh omparing these lasses with entral quantum lasses. The lass9EQP , a natural quantum analog of NP, has been onsidered. 9EQP is the olletionof languages de�ned by the existene of a (lassial) existential witness to an EQPomputation. We proved that 9EQP is ontained in NQP. We also onsidered thepower of allowing the witness to the omputation be a quantum state, rather than alassial string. Here we showed that nothing is gained with a quantum witness to anNQP omputation and that the resulting languages were the same as NQP. We alsoestablished the hain of inlusions, EQP � 9EQP � QMA(one � sided) � NQP ,and an show that all these ontainments are proper relative to an orale.EduationThis projet has supported 4 students. Seth Roby, a omputer siene under-graduate major, did his honor's projet studying and implementing a simulation ofShor's algorithm for fatoring. Natalia Lukyanova, a Master's student worked forabout 6 months on this projet, before deiding to swith her fous to a projet Ihad in omputational hemistry with two members of the hemistry department. She�nished her MA work on this projet and reeived her degree in May of 2006.Maosen Fang began quantum omputing researh in April of 2002. He spent the�rst part of the year working on problems related to quantum fanout. This workresulted in his o-authorship of the paper \Quantum Lower Bounds for Fanout," dis-ussed above. Maosen �nished his MA work last year and ontinues his Ph.D. workin this area in his study of the open problems whih remain, notably lower boundsfor general QNCk iruit families. He is jointly supervised by Fred Green and SteveHomer. A seond Ph.D. student Debajyoti Bera, is approahing the end of his grad-uate training, working on universal iruits for small depth quantum omputation,as well as for more general lasses of eÆiently omputable quantum funtions. Thiswork raises questions onerning how adding resoures suh as time, spae and addi-tional qubits allow for more powerful and eÆient quantum omputation. Debajyotihas also onsidered questions suh as whether there are problems omputed by a ir-uit family of �xed onstant depth k, but not by any family of depth < k. He is also



onsidering the a�et of allowing limited anillae in these iruits. There are severalinteresting results and we are working on re�ning and strengthening them, and withinthe next year, ompleting his Ph.D thesis. Reently Debajyoti was a o-author of thesurvey paper we wrote with Fred Green for the June, 2007 SIGACT News.Several of the results from this projet were presented at seminars in ComputerSiene and in Computational Siene at Boston University, SUNY at Bu�alo, theUniversity of Maryland, UMass Lowell, Northeastern University, Clark University,Heidelberg University, and at a number of national and international onferenes.In 2004, together with Professor Peter Gas, Steve Homer organized and taught agraduate level quantum omputing seminar. Attendees inluded six Boston UniversityPh.D. students and two faulty members from loal universities. We antiipate thatthe seminar will be repeated next year. Steve Homer also organized the ontinuingBoston University Theory Seminar, whih meet weekly during the shool year, andat whih some of these results were presented and disussed.The following bibliography ontains papers written with the support of this grant.
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